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Using the funtional-integral method we investigate the eetive dynamis of a harged partile
oupled to a set of two-level systems as a funtion of temperature and external eletri eld. The
optial ondutivity and the diret urrent (d) resistivity indued by the reservoir are omputed.
Three dierent regimes are found depending on the two-level system spetral funtion, whih may
lead to a non-Drude optial ondutivity in a ertain range of parameters. Our results ontrast to
the behavior found when onsidering the usual bath of harmoni osillators whih we are able to
reover in the limit of very low temperatures.
PACS numbers: 73.43.-f, 73.21.-b, 73.43.Lp
I. INTRODUCTION
The possibility of manipulating physial systems at
length sales where quantum eets beome important
has attrated muh attention over the last years. This
senario has stimulated onsiderable eort in the study
of quantum open systems, rstly beause of its relevane
to the phenomenon of quantum oherene and seondly
beause it might not be entirely obvious the way in whih
we an obtain information about the quantum dynam-
is of the system of interest oupled to its environment.
One of the strategies broadly used in solving this prob-
lem onsists in the replaement of the environment by an
approximate model. This must be done in suh a way
that after traing the environment oordinates out, the
problem an be formulated only in terms of the variables
of the system of interest.
1
It is remarkable that most of
the environments an be represented either in terms of
a bath of osillators
2,3
, when the physis is dominated
by the deloalized modes, or by an spin bath
4
, when the
loalized modes play the major role. In this paper we
will be interested in another type of thermal bath that
an be thought of as the projetion of the usual osilla-
tor modes onto their two lowest lying levels. At very low
temperatures, these trunated two-level systems (TLSs)
have the same properties as the usual harmoni osilla-
tors, that is, the two baths exhibit the same quantum
limit. However, as we will show, they strongly dier in
the lassial regime, at high temperatures.
It is now well known that when the osillator model
with linear spetral density is used to mimi a ther-
mal bath interating with a quantum partile, the wave
paket assoiated with the latter undergoes a damped
motion, exatly as in the lassial problem.
2
In this situ-
ation, and within the long time approximation, the aver-
age over the environment variables results in an equation
of motion for the partile without memory eets. There-
fore, it diretly follows that the transport properties of
the quantum partile an be simply desribed in terms of
the damping and diusion oeients. As a onsequene,
the optial ondutivity σ(ω) of a single partile oupled
to an osillator bath has, in the so-alled ohmi ase, only
an inoherent part, whih has a Drude-like form. In this
ase the Lorentzian width is determined by a temperature
independent damping onstant.
The phenomenologial approah of representing the en-
vironment by an osillator bath was suessfully used
in the study of dissipative eets in marosopi quan-
tum oherene
3
(the spin-boson model) and marosopi
quantum tunneling
5
. Moreover, there are partiular sit-
uations, see [6℄ for instane, in whih the osillator model
an be derived from mirosopi theories just following
the presriptions of Feynman and Vernon
1
. That is also
the ase of solitons, whose transport properties an be
investigated using the olletive oordinate quantization
sheme
7,8,9
. In those ases the eetive equation of mo-
tion for the enter of mass of the soliton leads, in the
long time regime, to a temperature dependent damping
onstant. The form of the damping onstant is suh that
the optial ondutivity of a system of non-interating
solitons has again a Drude-like form, and in the low tem-
perature limit orretly reprodues the nite free par-
tile Drude weight at zero frequeny. This behavior is
ompletely general for solitons and therefore indepen-
dent of the non-linear eld theory that supports these
loalized solutions. From [2℄ and [7-9℄ we an onlude
that, within the long time regime, the optial proper-
ties of quasi-partiles oupled to an osillator bath have
2always the trivial Drude form. Therefore, if results at
variane with the latter are obtained in σ(ω) measure-
ments, they an not be attributed solely to the above-
mentioned partile-reservoir interation. In those ases
more ompliated models are required
10
or alternative
thermal bath desriptions should be employed.
4
In this paper, our main goal is to present a dierent
kind of thermal reservoir whih, in addition to a dissi-
pative dynamis for the harge arriers, indues a non-
trivial optial ondutivity. Our starting point will be the
problem of a single partile subjet to a omplex potential
whih an be represented as a distribution of loal two-
level systems. Using the well known Feynman-Vernon
formalism
1
we are able to traed out the environment
modes and obtain the redued density operator of the
partiles. This operator will be expressed in terms of an
eetive ation ontaining all the information about the
oupling of the arriers to the reservoir and provides us
with an equation of motion for the partiles from whih
the transport properties an be omputed. In this way it
will be shown that the optial ondutivity of this system
has a temperature dependent non-Drude behavior with
a very rih struture whih ontrasts with the osillator
bath transport properties.
This paper will be divided as follows. In Se. II we
present a model desribing a single partile interating
with a set of TLSs. In Se. III an eetive equation of
motion desribing the partile dynamis will be derived
and in Se. IV the optial ondutivity of the system
is alulated onsidering dierent harateristis of the
thermal reservoir. Finally, in Se. V, we disuss our re-
sults and present the onlusions.
II. THE MODEL
As it was already mentioned, we will be interested in
the transport properties of a single partile oupled to a
generi TLSs reservoir. This problem an be ompletely
desribed by the hamiltonian
H = H0 +Hr +Hi, (1)
where H0 stands for a partile plaed in an external ele-
tri eld, and it is given by
H0 =
pˆ2
2M
+ exE. (2)
The distribution of TLSs playing the role of thermal
reservoir in (1) is denoted by Hr and may be expressed
in the k−spae as
Hr =
N∑
k=1
~ωk
2
σzk, (3)
where σzk is the z-Pauli matrix. Finally, the interation
between the partile of interest and the thermal bath Hi
x
v(x)
l
 ε 
∆
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Figure 1: Complex potential with multiple loal quarti stru-
ture. The eetive TLS at site l is desribed in terms of the
detuning ε between the wells ground states and a typial ma-
trix element for the tunneling proesses ∆.
will be taken in suh a way to indue transitions between
the states of eah TLS. A suitable hoie is
Hi = −x
N∑
k=1
Jkσxk, (4)
where Jk and σxk are, respetively, the oupling onstant
and the x-Pauli matrix.
Although the problem dened by Eqs. (1)-(4) was not
derived from a mirosopi desription of a onrete phys-
ial system, it is still very useful beause there are many
systems whih, under ertain irumstanes, behave as a
trunated TLS. Indeed, in the proess of modeling defets
in rystalline solids or amorphous materials, one has to
deal with a distribution of loally quadrati-plus-quarti
potentials, as it is shown in Fig. 1. In fat, if eah loal
double-well in the distribution has fairly separated min-
ima, and the typial energy sale ~ωc (obtained by the
harmoni approximation about eah minimum and as-
suming they do not dier muh) is suh that ~ωc >> kT
(see Refs. [3℄ and [11℄ for details) all the loally quarti
potentials at positions l an be eetively desribed as
two-level systems and
Hl = −
1
2
(∆lσxl − εlσzl) , (5)
where ∆l is a typial matrix element for the tunneling
proess between the two minima and εl is the detuning
between the ground states in the two wells. This fat
suggests a possible phenomenologial desription for a
partile moving in a omplex potential as shown in Fig. 1,
where the soure of dissipation is the indued transition
between the states of the TLSs ensemble and may have
the form (4). However, in the ourse of this proedure one
should keep in mind that although the rate εl/kT may
have any value, the TLSs representation is valid only if
~ωc >> kT ∼ (~∆l, εl). Therefore the high temperature
limit should be understood as ~ωc >> kT > ~Ω where
3Ω is the uto frequeny of the system, whih an be
assumed to be of the order of max(~∆l, εl).
Knowing the details of the model desribing the TLSs
array we an go further and study the dynamis of a
partile oupled to this environment.
III. EFFECTIVE PARTICLE DYNAMICS
A. The Inuene Funtional
This setion is devoted to investigating the eetive
dynamis of a partile interating with the TLS thermal
reservoir. We will use the Feynman-Vernon funtional
integral approah, whih begins with the alulation of
the redued density operator of the partile of interest,
namely
ρ(x, y, t) = Tr[〈x|e−i
Ht
~ ρ(0)ei
Ht
~ |y〉], (6)
where we are using the oordinate representation for the
partile states, Tr denotes the trae over the bath modes
and H is the Hamiltonian of the total system given by
(1).
The density operator of the whole system at time t = 0
will be assumed to be separable, ρ(0) = ρp(0)ρr(0), where
p and r denote the partile and the reservoir, respetively.
The redued density operator (6) an be written as
ρ(x, y, t) =
∫
dx′
∫
dy′ρp(x
′, y′, 0)J (x, y, t;x′y′, 0),
where the superpropagator J has the form
J =
∫ x
x′
Dx(t′)
∫ y
y′
Dy(t′)e
i
~
(S0[x]−S0[y])F [x, y]. (7)
In the expression above
S0[z] =
∫ t
0
[
M
2
z˙2(t′) + ez(t′)E(t′)
]
dt′
orresponds to the ation of a free partile in the presene
of an eletri eld and F denotes the inuene funtional,
whih is given by
F [x, y] = Tr
[
ρr(0)
(
T exp
i
~
∫ t
t0
H˜i(y(t
′))dt′
)
(
T exp−
i
~
∫ t
t0
H˜i(x(t
′))dt′
)]
, (8)
where T indiates time-ordered produt and
H˜i(z) = e
i
~
Hrt
Hi(z(t
′))e
−
i
~
Hrt
.
The entral quantity in this method is the inuene
funtional dened in Eq. (7). Our next step is to de-
rive an expliit expression for it. Although this quantity
has already been evaluated through dierent approahes
for interations of the form (4)
12
, here we will sketh its
derivation for the sake of ompleteness.
In order to proeed, we will assume that the interation
strength is weak enough, suh that we may expand Eq.
(8) in powers of Jk and retain only terms up to seond
order. We then obtain
F [x, y] = 1−
1
~2
∫ t
0
dt′
∫ t′
0
dt′′
{〈
H˜i(x(t
′))H˜i(x(t
′′))
〉
+
〈
H˜i(y(t
′′))H˜i(y(t
′))
〉
−
〈
H˜i(y(t
′))H˜i(x(t
′′))
〉
−
〈
H˜i(y(t
′′))H˜i(x(t
′))
〉}
, (9)
where the average value of an observable A is given by
〈A〉 =
[
2N
N∏
k=1
cosh
(
~ωk
2kBT
)]−1
Tr
[
e−Hr/kBT A
]
.
After traing the reservoir degrees of freedom from Eq. (9), the inuene funtional aquires the form,
F [x, y] = 1−
1
~2
∫ t
0
dt′
∫ t′
0
dt′′
N∑
k=1
J2k
{
f(x, y) cos [ωk(t
′ − t′′)]− ig(x, y) tanh
(
~ωk
2kBT
)
sin [ωk(t
′ − t′′)]
}
, (10)
where
f(x, y) = x(t′)x(t′′) + y(t′′)y(t′)− y(t′)x(t′′)− y(t′′)x(t′),
4and
g(x, y) = x(t′)x(t′′)− y(t′′)y(t′) + y(t′)x(t′′)− y(t′′)x(t′).
Equation (10) may be simplied by introduing a set of oordinates orresponding to the partile enter of mass q
and relative oordinate ξ. Therefore, x = q + ξ/2, y = q − ξ/2, and the inuene funtional reads
F [x, y] = 1−
1
~2
∫ t
0
dt′
∫ t′
0
dt′′
N∑
k=1
J2k
{
ξ(t′)ξ(t′′) cos [ωk(t
′ − t′′)]− 2i q(t′)ξ(t′′) tanh
(
~ωk
2kBT
)
sin [ωk(t
′ − t′′)]
}
. (11)
In the majority of ases onsidered we do not have enough information about the system whih would allow us to
perform the above summation in k. In order to overome this diulty, one usually introdues a phenomenologial
spetral density funtion, whih orretly desribes the bath in some well-known limit.
2
Beause we intend to follow
this strategy, we will rst alulate the form of the spetral density funtion assoiated to the two-level system reservoir
and will replae it by some phenomenologial guess afterwards.
The spetral funtion an be obtained from
J(ω) = Im (F 〈−iΘ(t− t′) [F (t), F (t′)]〉) , (12)
where F (t) is the fore produed by the partile over the thermal bath , Θ(t) is the usual step funtion, and F stands
for the Fourier transform. From Eq. (4) it is straightforward to demonstrate that F (t) =
∑
k Jkσxk. Substituting
then the expression for the fore into Eq. (12) and using Eq. (3) we obtain
J(ω, T ) =
N∑
k=1
piJ2k tanh
(
~ωk
2kBT
)
δ(ωk − ω). (13)
Notie that the above expression is ompletely dierent from the osillator spetral funtion. Here, all modes with
energy well below kBT ontribute less eetively to the spetral density than the unoupied modes above the
thermal energy. Therefore, any attempt to replae (13) by a phenomenologial guess should preserve this property.
If we now replae Eq. (13) into Eq. (11), we obtain the inuene funtional
F = exp
{
−
1
~
∫ t
0
dt′
∫ t′
0
dt′′
∫
∞
0
dω
J(ω, T )
pi
{
coth
(
~ω
2kBT
)
ξ(t′)ξ(t′′) cos [ω(t′ − t′′)]− 2iq(t′)ξ(t′′) sin [ω(t′ − t′′)]
}}
,
(14)
where we have re-exponentiated the seond order expan-
sion used in (9).
Next, we substitute Eq. (14) into Eq. (7) to obtain the
superpropagator for the partile of interest, namely
J =
∫
Dξ
∫
Dq exp
{
i
~
Seff [q, ξ]
}
×
exp
{
−
1
~
∫ t
0
∫ t′
0
Φ(t′ − t′′)ξ(t′)ξ(t′′)dt′dt′′
}
.
In the above equation, the eetive ation is given by
Seff =
∫ t
0
dt′
[
Mq˙(t′)ξ˙(t′) + eξ(t′)E(t′) (15)
+
∫ t′
0
Λ1(t
′ − t′′)q(t′)ξ(t′′)dt′′] ,
where
Λ1 =
2
pi
∫
∞
0
J(ω, T ) sin[ω(t′ − t′′)]dω,
and
Φ =
1
pi
∫
∞
0
J(ω, T ) cos[ω(t′ − t′′)] coth
(
~ω
2kBT
)
dω.
After having traed the environment oordinates, we
an derive from the eetive ation (15) an equation of
motion for the time evolution of the partile enter of
mass q and for the width ξ of the wave paket assoiated
to it,
Mq¨(t) +
∫ t
0
Λ(t− t′)q˙(t′)dt′ = eE(t), (16)
Mξ¨(t) +
∫ t
0
Λ(t− t′)ξ˙(t′)dt′ = 0, (17)
where we have performed an integration by parts in order
to expliitly show the visous fore of the TLSs reservoir
ating on the partile and
Λ(t− t′) =
2
pi
∫
∞
0
ω−1J(ω, T ) cos[ω(t− t′)]dω. (18)
5The last step onsists in solving Eqs. (16) and (17).
However, we must rst speify the form of the spetral
density. Beause we intend to keep the problem as gen-
eral as possible, we will hoose a form for the spetral
density whih retains the funtional T -dependene given
by Eq. (13). We then assume that
J(ω, T ) =
pi
2
γ ωs tanh
(
~ω
2kBT
)
Θ(Ω− ω), (19)
where Ω is the uto frequeny already introdued in the
disussion of the model, γ is a onstant dening the par-
tile oupling strength to the TLSs and s is a -number.
The reader must be warned that γ used in this paper is
atually 4γ/pi where γ is the usual relaxation onstant of
the partile motion.
Expression (19) retains the main properties of the fun-
tional form (13), namely the fat that the temperature
determines whih are the statistially relevant modes.
Therefore, for a given value of Ω and depending on the
temperature, the partile may simply have no interation,
on average, with the reservoir. Notie that this hoie is
at variane with the one employed in Ref. [13℄ whre the
author maps the system onto a bath of osillators.
By replaing Eqs. (18) and (19) into (16), we obtain the
following equation for the veloity of the partile enter
of mass:
v˙(t) + γ
∫ t
0
Γ(t− t′) v(t′)dt′ =
eE(t)
M
, (20)
with the damping funtion
Γ(t− t′) =
∫ Ω
0
ωs−1 tanh
(
~ω
2kBT
)
cos[ω(t− t′)] dω.
(21)
As it an be observed from Eq. (20), after traing the
two-level system reservoir oordinates, we have obtained
an equation of motion for the partile enter of mass
in whih the thermal bath has the same eet as that
of a visous uid. It should be notied that for s = 1
and zero temperature, Eq. (21) redues to the osillator-
bath damping funtion, whih is memoryless in the limit
Ω → ∞ or, in other words, in the long time regime.
Indeed, in this ase
Γ(t− t′) = lim
Ω→∞
∫ Ω
0
cos(ω[t− t′])dω = piδ(t− t′),
indiating that the damping is a purely instantaneous
funtion.
However, if s 6= 1 we realize that even at zero tem-
perature and with the uto frequeny going to innity,
it is impossible to obtain a damping funtion without
memory. In this situation the problem beomes non-
Markovian and the partile dynamis an not be de-
sribed in terms of damping and diusion oeients.
In the following, we will investigate the transport prop-
erties of a system of non-interating partiles desribed
by Eqs. (20) and (21) through the evaluation of its optial
ondutivity.
IV. THE OPTICAL CONDUCTIVITY
The urrent assoiated to distinguishable non-
interating partiles desribed by the equation of motion
(20) reads j = ev(t), where j satisfy
dj
dt
+ γ
∫ t
0
Γ(t− t′) j(t′)dt′ =
e2E(t)
M
. (22)
This equation may be solved by the well-known method
of the Laplae transform. If we assume that initially
there is no urrent in the system, Eq. (22) may be written
as j(z) = σ(z)E(z), with
σ(z) =
e2
M [z + γΓ(z)]
,
where Γ(z) is the Laplae transform of Γ(t− t′). For all
allowed values of s, Γ(z) an be written as (see appendix)
Γ(z) =
Ωs+1F (s,−Ω
2
z2 )
(s+ 1)z2
tan
(
~z
2kT
)
−
4kBTzΩ
s+1
~(s+ 1)
∞∑
n=1
F (s,− Ω
2
λn2
)
λn2(λ2n − z
2)
, (23)
where F denotes hyper-geometri funtions given by
F (s, x) = 2F1(1,
1+s
2 ,
3+s
2 , x) and λn = (2n− 1)pikBT/~,
with n ∈ N.
The optial ondutivity may now be promptly ob-
tained by substituting (23) into
σ(ω) = lim
δ→0+
Re
[
e2/M
z + γΓ(z)
∣∣∣∣
z=δ−iω
]
. (24)
Although Eqs. (23)-(24) allow us to ompute σ(ω) for
any s ≥ 0, it may be enlightening to onsider the prob-
lem for spei values of s, for whih the hyper-geometri
series in (23) onverge to simple funtions. In this way we
will be able to proeed analytially in the investigation
of the optial ondutivity and obtain, if there are suh
ontributions, the temperature dependene of the Drude
weight and the inoherent ondutivity in the whole fre-
queny range. In the following we will fous on partiular
ases illustrating the super-ohmi (s > 1), ohmi (s = 1)
and sub-ohmi (s < 1) situations.
1. Super-ohmi ase, s = 2
In this spei ase, the hyper-geometri funtions in-
volved in Eq. (23) aquire a simple form
2F1(1, 3/2, 5/2,−x
2) =
3
x
(
1
x
−
arctanx
x2
)
,
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Figure 2: (a) Drude weight as a funtion of T for Ω = 1, the
ontinuous, dotted and dashed lines orrespond to γ = 0.2,
γ = 0.8 and γ = 1.6 respetively. (b) Temperature behav-
ior of −1/ ln σDW , the ontinuous, dotted and dashed lines
orrespond to γ = 0.2, γ = 0.4 and γ = 0.6 respetively.
() 1/σDWvs − lnT for low temperatures and γ = 0.2. In
all ases it is assumed ~ = kB = 1 and the Drude weight is
measured in units of σ0.
and the Laplae transform of the damping funtion re-
dues to
Γ(z) =
4z
pi
∞∑
n=1
(2n− 1) arctan
[
~Ω
pikBT (2n−1)
]
(2n− 1)2 −
(
~z
pikBT
)2
−z arctan
(
Ω
z
)
tan
(
~z
2kBT
)
. (25)
Substituting then Eq. (25) into (24), we obtain the fol-
lowing form for the optial ondutivity:
σ(ω) = σDW (T ) δ(ω) + σinc(ω, T ), (26)
where σDW (T ) represents the Drude weight, whereas
σinc(ω, T ) stands for the inoherent ontribution. Let
us rst analyze σDW (T ), whih is given by
σDW (T ) = σ0
1 + 4γ
pi
∞∑
n=1
arctan
[
~Ω
pikBT (2n−1)
]
(2n− 1)
−1 .
(27)
where σ0 = pie
2/M is the Drude weight of the free parti-
le. Although this sum an not be performed exatly for
all temperatures, we may derive an analytial expression
for it in the regime kBT ≫ ~Ω. We then nd
σDW (T ) =
σ0
1 + 4γ~Ωpi2kBT
∞∑
n=1
1
(2n−1)2
=
σ0
(1 + γ ~Ω2kBT )
, (28)
where the damping term provides a small orretion to
the partile mass. Notie that Eq. (28) orretly repro-
dues the free partile behavior at high temperatures.
This result is in agreement with the fat that as the tem-
perature is raised the high frequeny TLSs will play a
major role in the omposition of the spetral funtion
whih justies the mass orretion as due to the adia-
bati approximation. In other words, the high frequeny
TLSs adiabatially dress the moving partile.
A numerial evaluation of the sum involved in Eq. (27)
yields the general behavior of the Drude weight as a fun-
tion of temperature (see Fig. 2(a)). Observe that the
ondutivity grows with temperature until it saturates
at the value of a free partile in the T → ∞ limit. In
order to investigate the funtional growth of the ondu-
tivity with temperature, we have plotted −1/ lnσDW (T )
vs T in Fig. 2(b). The plot is linear in T , exept in
the low temperature region. We may therefore onlude
that for high temperatures the Drude weight behaves as
σDW ∝ exp[−1/(α + βT )], where the onstants α and
β an be determined from the plots and depend on the
values of Ω and γ. On the other hand, the vanishing of
σDW (T ) as the temperature is lowered was already ex-
peted from (27), beause for stritly zero temperature
the sum to be performed is positive and divergent.
The funtional redution of the ondutivity as the
temperature dereases may be determined by onsider-
ing a ertain N = 2n− 1 suh that ~Ω/pikBTN ≫ 1. In
the limit of T → 0 the value of N will be of the order
of ~Ω/kBT . In this situation Eq. (27) may be approxi-
mately written as
σDW (T ) ∼ σ0
2γS + 4γ
pi
∞∑
n=n
arctan
[
~Ω
pikBT (2n−1)
]
(2n− 1)
−1 ,
(29)
where
S =
n∑
n=1
1
2n− 1
= α+
1
2
ψ(0)(n+ 1/2), (30)
with α = (C + ln 4)/2,
C = lim
m→∞
m∑
k=1
1
k
− lnm,
and ψ(0) denote the polygamma funtion of zeroth order
given by ψ(0)(x) = ∂x ln Γ(x). In the zero temperature
limit the sum given by Eq. (30) dominates the behavior of
Eq. (29). Using then the Stirling expansion and assuming
that n is of the order of ~Ω/kBT , we nally obtain that
the Drude weight in the low temperature limit behaves
as
σDW (T → 0) ∼
e2
M
[
γα
pi + ln
(
kBT
~Ω
)−εγ] . (31)
In the expression above ε is a numerial fator that an
determined from the plot of 1/σDWvs −1/ lnT for low
7temperatures. Inspetion of Fig. 2() indiates that the
value of ε is approximately 1. Therefore we an onlude
that the Drude weight for low temperatures behaves as
σDW (T → 0) ∼
1
ln
(
~Ω
kBT
)γ . (32)
Atually the eet of nite γ an even wash the Drude
weight out as in the naïve Drude model for eletri on-
dutivity of metals. Nevertheless, in our spei model,
although σDW is redued, it is still nite even in the
presene of damping for nite T . Moreover, as the ra-
tio ~Ω/kBT is diretly proportional to the number of
TLSs in the lowest energy state, it is expeted that as
the temperature is lowered this number rises, inreasing
the ability of the partile to lose energy and onsequently
leading to a smaller value of σDW .
Now we turn our attention to the behavior of the in-
oherent part of the optial ondutivity, whih is given
by
σinc(ω) = σ0
γ tanh
(
~ω
2kBT
)
Θ(Ω− ω)
2ω
{
Q2(ω, T ) +
[
piγ
2 tanh
(
~ω
2kBT
)]2} ,
(33)
with
Q = 1+
4γ
pi
∞∑
n=1
(2n− 1) arctan
[
~Ω
pikBT (2n−1)
]
(2n− 1)2 + (~ω/pikBT )2
(34)
−
γ
2
tanh
(
~ω
2kBT
)
ln
|Ω + ω|
|Ω− ω|
.
The presene of the step funtion in Eq. (33) ensures
that σinc(ω) is exatly zero above the uto frequeny.
Although for frequenies of the order of Ω our approah
may provide non aurate results, the zero ondutivity
in the ω > Ω region agrees with the fat that all partile
transitions between states with energy dierene larger
than ~Ω are forbidden. This eet is a onsequene of
having limited the thermal bath phase spae by an abrupt
uto frequeny.
In order to disuss the main features of the inoherent
part of the optial ondutivity given by Eqs. (33)-(34)
we begin by alulating the temperature dependene of
the d ondutivity σdc = σ
inc(ω = 0), namely
σdc(T )
σ0
=
~γ
4kBT
1 + 4γ
pi
∞∑
n=1
arctan
[
~Ω
pikBT (2n−1)
]
(2n− 1)
−2 .
The high temperature limit of this expression an be writ-
ten as
σdc(T )
σ0
=
~γ/4kBT[
1 + ~γΩ2pikBT
]2 ,
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Figure 3: (a) σinc as a funtion of ω for dierent tempera-
tures with γ = 0.2 and Ω = 1. The ontinuous, dashed and
dotted lines orrespond to T = 0.09, T = 0.5 and T = 2.0
respetively. (b) Details of σ(ω) near ω = Ω. () σinc as a
funtion of ω for dierent oupling strengths. The ontinu-
ous, dashed and dotted lines orrespond to γ = 0.4, γ = 1.5
and γ = 3.5 respetively, with T = 0.02 and Ω = 1. (d) σinc
vs ω for γ = 0.2 and T = 0.05 for dierent uto frequen-
ies, the ontinuous, dashed and dotted lines orresponds to
Ω = 1, Ω = 1.5 and Ω = 2 respetively. In all ases the opti-
al ondutivity is measured in units of σ0 and it is assumed
~ = kB = 1.
whih orretly goes to zero as the temperature inre-
ses in agreement with the free partile behavior. The
interesting point omes from the divergene at zero tem-
perature. This singular behavior has been observed in
lassial non-integrable nonlinear systems where the ur-
rent orrelation deays to zero in the long time limit, but
so slowly, that the integral over time, whih yields the d
ondutivity, diverges.
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In the present ase this result
an be understood by realizing that the long time behav-
ior of the damping funtion (21) involves low frequeny
modes, but the latter do not have enough spetral weight
for the s = 2 ase to make the urrent deay.
A further understanding of the problem an be
ahieved after the analysis of Fig. 3, where the fre-
queny dependene of σinc(ω) is plotted for some par-
tiular ases. Notie in Fig. 3(a) that as the temperature
inreases, the ondutivity is redued in the entire fre-
queny range. This is in agreement with the fat that
as one moves toward the limit in whih kBT ≫ ~Ω the
partile approahes the free behavior and eventually the
inoherent ondutivity vanishes, see Eqs. (33) and (34),
retrieving the free partile result.
Let us now inspet the behavior of σinc(ω) when ω →
Ω. Fig. 3(b) shows a zoom of Fig. 3(a) for ω around
Ω. Near the uto frequeny the ondutivity reahes
a maximum and then ontinuously falls to zero as one
approahes Ω from below. This non-monotoni behav-
8ior of the optial ondutivity as a funtion of the fre-
queny an be basially attributed to memory eets of
the damping funtion (21). This eet is responsible for
the dephasing of the dierent ontributions of the bath
reation over the partile. As a matter of fat, if we rean-
alyze Eq. (33), we observe that the lassial impedane
Z(ω, T ) of the reservoir (for ω < Ω) orresponds to
Z = σ−10
 2ωQ2(ω, T )
γ tanh
(
~ω
2kBT
) + pi2γω
2
tanh
(
~ω
2kBT
) .
Although this expression an not be learly separated
into reative and resistive ontributions, one of the om-
ponents of the former will be
X (ω, T ) ∝
2ωQ2(ω, T )
γ tanh
(
~ω
2kBT
) ,
where Q(ω, T ) is given by (34). From the denition of
Q(ω, T ), we observe that part of the reation of the bath
over the partile is nothing but a ompetition of terms
with a pi phase dierene between them, whih auses
this kind of resonane-like behavior. The eet desribed
above does not appear in the osillator model, where the
bath reats as a pure resistane due to its memoryless
harater, and leads to a monotoni behavior of σinc(ω).
It is also expeted that as the oupling strength of the
partile-reservoir interation inreases, the ondutivity
will derease. This eet is illustrated in Fig. 3(), where
it an be seen also that for strong enough oupling the
optial ondutivity beomes a monotoni funtion. It
remains to mention that for a xed value of the tempera-
ture, an inrease in the value of the frequeny uto leads
to a displaement of the ondutivity edge to higher fre-
quenies and to a derease of σinc in the whole frequeny
range. This eet is illustrated in Fig. 3(d) and it is a
onsequene of the higher number of states to satter the
partile, as the value of the uto frequeny is inreased
at a given temperature.
All the previous analysis developed for the s = 2 spe-
i ase illustrates to some extent the transport prop-
erties of the system in the super-ohmi regime (s > 1).
However, it is worth mentioning that there are signi-
ant dierenes in the low frequeny region of the optial
ondutivity as one moves from 1 < s < 2 to s > 2 sit-
uation - see Fig. 4 for instane. The divergene in the
d ondutivity is suppressed for s > 2 while it persists
for s < 2. This is again a onsequene of the dierent
spetral weights for the low frequeny modes as the value
of s is hanged.
To onlude this part of the analysis we summarize our
main ndings. In the spei ase of s = 2 the system
behaves as a perfet ondutor at T = 0 beause of the
innite σdc ondutivity. However, this fat is not re-
eted in the value of the Drude weight, whih goes to
zero as T dereases. This ontradition in the lassi-
ation into metalli or insulator states aording to the
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Figure 4: σinc as a funtion of ω - in units of σ0 - for dier-
ent values of s in the super-ohmi regime. Notie that as s
inreases, the value of the σdc dereases for a given frequeny.
All graphis were generated assuming γ = 0.2, T = 0.09,
Ω = 1 and ~ = kB = 1.
value of the Drude weight is only apparent. This is so
beause the urrent arriers in our approah are not in an
eigenstate of the system invalidating the haraterization
of ondutors and insulators in terms of the behavior of
σDW . Another point to be mentioned is the fat that for
s 6= 2 the d ondutivity, at T = 0, strongly depends on
the s value, see Fig. 4. Finally, above the uto Ω, the
optial ondutivity is always zero at any temperature,
independent of the s value.
2. Ohmi ase, s = 1
This ase is of partiular importane beause it allows
us to expliitly show the dierenes with the osillator
model disussed in Refs. [2℄ and [5℄. In this spei
situation it is useful to notie that
2F1(1, 1, 2,−x
2) =
lnx2 + 1
x2
.
Therefore, the general expression (23) for the Laplae
transform of the damping funtion beomes
Γ(z) =
1
2
tan
(
~z
2kBT
)
ln
[
1 +
Ω2
z2
]
(35)
−
2~z
pi2kBT
∞∑
n=1
ln
{
1 + [~Ω/(2n− 1)pikBT ]
2
}
(2n− 1)2 − (~z/pikBT )2
.
By substituting (35) into (24), we obtain the opti-
al ondutivity as a sum of a oherent part given by
σDW (T )δ(ω), where
σ0
σDW
= 1 +
~γ
kBT
 ∞∑
n=1
ln
{
1 +
[
~Ω
(2n−1)pikBT
]2}
(2n− 1)2
+
1
2
 ,
(36)
9and an inoherent ontribution of the form
σinc(ω) =
(γpi/2) tanh
(
~ω
2kBT
)
σ0Θ(Ω− ω)[
γpi tanh
(
~ω
2kBT
)
/2
]
2 +R2(ω, T )
, (37)
where
R = ω +
γ
2
tanh
(
~ω
2kBT
)
ln
(
Ω2 − ω2
ω2
)
(38)
−
2γ~ω
pi2kBT
∞∑
n=1
ln
{
1 + (~Ω/(2n− 1)pikBT )
2
}
(2n− 1)2 + (~ω/pikBT )2
.
One again the Drude weight an not be obtained ex-
atly for all temperatures, exept for kBT ≫ ~Ω. In this
limit we nd
σDW (T ) = σ0
[
1 +
pi2γ
96Ω
(
~Ω
kBT
)3]−1
, (39)
whih orretly reprodues the expeted free partile on-
dutivity in the innite temperature regime, where the
inoherent ontribution goes to zero [see Eqs. (37) and
(38)℄. If one ompares Eqs. (28) and (39), one realizes
that for the same temperature the Drude weight in the
s = 2 ase is lower than in the s = 1. This is nothing but
the eet of the stronger oupling between the partile
and the reservoir modes as value of s -haraterizing the
thermal bath- is inreased.
The low temperature properties of the Drude weight
an be derived from (36) by onsidering a value of n = n
suh that ~Ω/kBT ≫ n. In this ase the sum involved in
(36) an be written approximately as
S = ln
(
~Ω
kBT
) n∑
n=1
1
(2n− 1)2
−
n∑
n=1
lnpi(2n− 1)
(2n− 1)2
+
∞∑
n=n
ln
{
1 +
[
~Ω
(2n−1)pikBT
]2}
(2n− 1)2
. (40)
Notie that for T → 0 the value of n goes to innity and
therefore the rst term in the rhs of (40) dominates the
sum. Substituting this result into (36) we obtain that for
low temperatures the Drude weight goes to zero as
σDW (T → 0) ∝
kBT
~γ ln
[
~Ω
kBT
] . (41)
This expression orretly reprodues the well known re-
sult for the osillator model,
5
namely there is no oherent
ontribution to the ondutivity when Ω goes to innity.
This result ould have been foreseen from the analysis of
the partile dynamis [see Eq. (21) for s = 1 and T → 0℄.
It should be stressed that for s = 1 σDW goes to zero
faster than for s = 2 [see Eq. (32)℄, as a onsequene
of the stronger interation of the partile with the low
energy modes.
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Figure 5: (a) σDW as a funtion of T for dierent oupling
strength with Ω = 1. The ontinuous, dotted and dashed
lines orrespond to γ = 0.2, γ = 2 and γ = 5 respetively.
(b) σ(ω,T ) vs ω for dierent temperatures with γ = 0.2 and
Ω = 1. The ontinuous, dotted and dashed lines orrespond to
T = 0.001, T = 0.02 and T = 0.09 respetively. () The same
as (b) assuming Ω = 100. (d) σinc vs ω for Ω = 1 and T =
0.02 for dierent oupling strength, the ontinuous, dashed
and dotted lines orresponds to γ = 1, γ = 0.2 and γ = 0.09
respetively. In all ases the ondutivity is measured in units
of σ0 and it is assumed ~ = kB = 1.
After having examined the temperature dependene of
the Drude weight for ohmi dissipation in the analyti-
ally aessible limits, we proeed to a numerial eval-
uation of Eq. (36). Fig. 5(a) shows the behavior of
the Drude weight as a funtion of temperature for dier-
ent oupling strength values. Observe that for any given
temperature σDW dereases as the interation strength
beomes stronger. Indeed, for stronger interations the
momentum transferred to the reservoir is larger and on-
sequently the ondutivity is redued. This also implies
that the free partile behavior will be reahed at higher
temperatures as γ inreases.
Our next step is the analysis of the inoherent part
of the optial ondutivity. The rst point to be men-
tioned is the innite d ondutivity of the system at
any nite temperature. This result is obtained taking
the limit of zero frequeny in the expressions (37) and
(38) and an be explained by the fat that the d on-
dutivity is determined by the low frequeny modes in
the damping funtion (21). We have plotted in Fig. 5(b)
σinc vs ω for dierent temperatures with a nite ut-
o frequeny Ω = 1. The forbidden partile transitions
involving energy exhange above ~Ω leads to zero on-
dutivity for ω > Ω, as already obtained in the s = 2
ase. One may also notie that as the temperature in-
reases the ondutivity grows for small values of ω. This
an be understood by realling that as the temperature
rises, the partile-reservoir interation - whih an a-
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tually hange the partile momentum - is less eetive
for the low energy modes and onsequently the ondu-
tivity also rises for suh frequenies. It should be also
mentioned that as the temperature is lowered, σinc(ω)
aquires a Lorentzian form. This behavior beomes ev-
ident in Fig. 5(), in whih we onsidered Ω = 100. At
lower temperatures one approahes the osillator model.
Indeed, taking the limits Ω→∞ and T → 0, we obtain
σinc(ω) =
piγ/2
ω2 + (piγ/2)2
σ0
whih is the well known result for the osillator model.
Finally, Fig. 5(d) shows the eet of varying the oupling
strength. The main feature to be observed is the redu-
tion of the ondutivity as γ inreases, onsistent with
the fat that it is then easier for the partile to transfer
momentum to the reservoir.
3. Sub-ohmi ase, s = 0
Another interesting result, whih diers onsiderably
from the ases already disussed, arises when s = 0. In
this ase, the hyper-geometri funtion reads
2F1(1, 1/2, 3/2,−x
2) =
arctanx
x
and the Laplae transform of the damping funtion given
by Eq. (23) aquires the form
Γ(z) =
4kBTz
~
∞∑
n=1
1
λ2n − z
2
arctan (Ωz )
z
−
arctan
(
Ω
λn
)
λn
 ,
(42)
where we have used that λn = (2n − 1)kBTpi/~ with n
integer.
Substituting now Eq. (42) into (24), we obtain an
expression for the optial ondutivity whih has zero
Drude weight at all temperatures and an inoherent part
of the form
σinc(ω) = σ0
2γω tanh
(
~ω
2kBT
)
Θ(Ω− ω)
G2(ω, T ) + [piγ tanh (~ω/2kBT )]
2 , (43)
with
G = 2ω2 −
8~2γω2
pi3k2T 2
∞∑
n=1
arctan (~Ω/NpikBT )
N [N2 + (~ω/pikBT )2]
+γ tanh
(
~ω
2kBT
)
ln
|Ω− ω|
|Ω+ ω|
. (44)
The d ondutivity, obtained by taking the ω → 0
limit in Eqs. (43)-(44), may be written as σdc/σ0 =
4kBT/pi
2
~γ. From this result we onlude that the sys-
tem behaves as an insulator with zero d ondutivity at
T = 0.
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Figure 6: (a) Inoherent ontribution to the optial ondu-
tivity for dierent temperatures with γ = 0.2 and Ω = 1. The
ontinuous, dotted and dashed lines orrespond to T = 0.05,
T = 0.2 and T = 0.4 respetively. (b) Detail of (a) near
the uto frequeny. () σinc vs ω for dierent values of
Ω. The ontinuous, dashed and dotted lines orresponds to
Ω = 100, Ω = 1.5 and Ω = 1 respetively, in all ases γ = 0.2
and T = 0.05. (d) σinc vs ω for dierent values of the ou-
pling strength. The ontinuous, dashed and dotted lines or-
responds to γ = 0.2, γ = 0.25 and γ = 0.3 respetively, with
Ω = 1 and T = 0.09. In all ases the optial ondutivity is
measured in units of σ0 and it is assumed ~ = kB = 1.
Inspetion of Eq. (43) yields that the inoherent part of
the ondutivity is nite only below the uto frequeny,
just as in the ases disussed previously. Another impor-
tant feature is the way in whih one may reover the free
partile behavior. In order to analyze this limit it should
be notied that at high temperatures Eqs. (43) and (44)
may be written as
σinc(ω) =
e2
M
ζ
ω2 + ζ2
, (45)
where ζ = pi~γ/4kBT . In the limit ζ → 0, whih orre-
sponds to innite temperature or zero oupling strength,
Eq. (45) goes to (pie2/M)δ(ω), orretly reproduing the
optial ondutivity of a free partile.
The general behavior of σinc(ω) is displayed in Fig. 6
for dierent values of temperature, oupling strength and
uto frequeny. Fig. 6(a) shows that as the tempera-
ture inreases, one approahes the frequeny dependene
given by Eq. (45), whih has a maximum at ω = 0. In this
regime, the lassial impedane of the reservoir is purely
resistive, analogous to the osillator-bath model. How-
ever, as the temperature dereases, the value of Z(ω) is
determined by a ompetition between terms ompletely
out of phase, see Eq. (44), reahing the maximum value
for ω 6= 0. For T → 0, the frequeny at whih the
ondutivity exhibits a maximum beomes loser to the
uto frequeny, haraterizing an extreme non-Drude
behavior. As one approahes Ω from below, no matter
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the value of the temperature, the ondutivity smoothly
falls to zero. This eet, whih is related to the lak
of available states in the reservoir to satter the parti-
le, is shown in Fig. 6(b). It is also worth mentioning
the small variations of the maximum ondutivity as the
uto frequeny is hanged, as illustrated in Fig. 6().
Finally, Fig. 6(d) shows the eet of varying the value
of the oupling strength γ for a given temperature and
uto frequeny. An inrease in the interation strength
leads to a redution of the ondutivity. This is an ex-
peted result beause for larger values of γ, the partile
an transfer momentum to the reservoir in an eetive
way, and as a onsequene, the ondutivity is redued.
At this point we an onlude the s = 0 analysis point-
ing out that in this situation the ondutivity is always
inoherent and non zero just below the ut o frequeny
with a d value that vanishes as T goes to zero. In order
to verify if those features are ommon to the entire sub-
ohmi regime, we have numerially evaluated the om-
bined Eqs. (42) and (24) for dierent values of s < 1, see
Fig. 7(a). As it an be observed, the general behavior
of the ondutivity resembles the s = 0 ase (see Fig.
6), exept in the low frequeny region. This fundamental
dierene is illustrated in Fig. 7(b) showing that σinc is
singular at ω = 0, although our numerial alulation in-
diates that the Drude weight remains zero at any nite
temperature and value of s. In order to investigate in
more detail the general behavior of σinc in the low fre-
queny region, it is useful to notie that near ω = 0 the
optial ondutivity does not depend on the value of the
ut o frequeny, see Fig. 7(). Therefore, we may simply
take the limit Ω → ∞ in the Laplae transform of the
damping funtion given by expression (23) and obtain an
expression for Γ(z) for any 0 < s < 1, namely
Γ(z) =
2pikBT z
~ cos(pis/2)
∞∑
n=1
zs−1 − λs−1n
λ2n − z
2
. (46)
Substituting the expression above in (24) we obtain
the optial ondutivity, whih has a zero Drude weight,
besides an inoherent ontribution given by
σinc(ω)
σ0
=
2γωs−3 tanh( ~ω2kBT )
4K2(ω, s) +
(
piγωs−1 tanh( ~ω2kBT )
)2 , (47)
where
K = 1 +
piγ
2
tan(
spi
2
)ωs−2 tanh
(
~ω
2kBT
)
−
2γ(pikBT )
2
~2 cos( spi2 )
∞∑
n=1
(2n− 1)s−1
(2n− 1)2 + ( ~ω2kBT )
2
. (48)
This result is in omplete agreement with the previ-
ous numerial analysis for nite uto frequeny and
promptly allows us to derive the way in whih the on-
dutivity diverges as one approahes ω = 0,
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Figure 7: (a) Inoherent ontribution to the optial ondu-
tivity in the sub-ohmi regime, in all ases it was assumed
γ = 0.2, T = 0.09 and Ω = 1. (b) Detailed form of the on-
dutivity in (a) near ω = 0 for s = 0.6 and s = 0.3. () σinc
vs ω for dierent values of Ω, in all ases T = 0.09, γ = 0.2
and s = 0.3. The optial ondutivity is always measured in
units of σ0 and it is assumed ~ = kB = 1.
σinc(ω ∼ 0)
σ0
=
4kBT cos
2(pis/2)
pi2~γ
ω−s.
It is worth mentioning that this expression is also valid
for the s = 0 ase (see Eq. (42), for instane), orretly
reproduing the nite σdc(T ) value already found.
With the analysis of the Ω→∞ limit we onlude that
the nite d ondutivity obtained for the s = 0 ase is
an exeption within the sub-ohmi regime, in whih the
d ondutivity is, in general, divergent. This disussion
summarizes our main ndings in the study of the optial
ondutivity for ases in whih 0 ≤ s < 1.
V. CONCLUSIONS
We have studied the transport properties of non-
interating partiles oupled to a set of two-level systems
desribed by a temperature-dependent spetral fun-
tion. Our approah was based on the Feynman-Vernon
funtional-integral formalism whih allows us to trae out
the two-level system oordinates and obtain an eetive
equation of motion for the partile in terms of the phe-
nomenologial TLSs spetral funtion.
The evaluation of the transport properties were per-
formed onsidering dierent values of the power s of
the generi spetral funtion, whih is proportional to
ωs. Two dierent regimes were found; the super-ohmi
(s > 1) and ohmi (s = 1) in whih the optial ondutiv-
ity has both, oherent and inoherent ontributions and
the sub-ohmi (s < 1) where the ondutivity is stritly
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σdc σ
DW
T→0 σ
DW
T→∞ σ
inc
T→0 σ
inc
T→∞
Super-Ohmi diverges for T → 0a zero σ0 Anomalous insulator - non Drude zero
Ohmi diverges for nite T b zero σ0 Insulator - Lorentzian form
b
zero
Sub-Ohmi diverges for nite T  - - Perfet insulator - non Drude σ0δ(ω)
a
For s ≤ 2, in other ases it is nite
b
For Ω→∞ reprodues the osillator results

Exept in the s=0 ase, where the σdc goes to zero
inoherent. In the rst ase the Drude weight goes to
zero as the temperature dereases in a logarithmi fash-
ion and the inoherent part shows a strong non-Drude
behavior with a divergent d ondutivity for T = 0, ex-
ept for the ohmi ase in whih the zero temperature
d ondutivity is nite. In the entire sub-ohmi regime,
the Drude weight is always zero at all temperatures. In
ontrast, the d ondutivity is only nite in the s = 0
spei ase, going linearly to zero as the temperature
dereases, whereas in general it is divergent at all tem-
peratures. It should be mentioned that in this regime,
the general behavior of σ(ω) is strongly non-Drude, with
the highest ondutivity arising at nite values of ω. All
these properties strongly dier from the simple behav-
ior indued by an osillator thermal bath on a system
of non-interating partiles. The latter exhibits no tem-
perature dependene and zero Drude weight with a nite
d ondutivity. All this results are summarized in the
table above. Conerning the limitation of the approah
employed here, it is important to stress that it is au-
rate for long times (or low frequenies) ompared with
the response time of the system, whih is basially Ω−1.
Therefore in all ases where the uto frequeny was as-
sumed to be nite, the values of the optial ondutivity
near ω = Ω should be interpreted arefully.
Finally, it is worth pointing out that the model an-
alyzed here ould be relevant for the study of the dy-
namis of a partile in the presene of a distribution of
loally quarti plus quadrati potentials. We expet that
this simple model may ontribute to the understanding
of the transport properties of low dimensional systems at
low temperatures, where the physis is often dominated
by defets and impurities.
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Appendix
In order to alulate the Laplae transform of Γ(t) we
will use the expansion
15
tanh
(pix
2
)
=
4x
pi
∞∑
n=1
1
(2n− 1)2 + x2
.
whih allows us to rewrite Γ(z) as
Γ(z) =
4kBTz
~
∞∑
n=0
I(n,Ω), (49)
where
I(n,Ω) =
∫ Ω
0
ω′s dω′
(ω′2 + z2)(ω′2 + λ2n)
,
with λn = (2n− 1)pikBT/~ and n ∈ N. This integral an
be split into two terms,
I =
1
z2 − λ2n
[
z2
∫ Ω
0
ω′s−2 dω′
(ω′2 + z2)
− λ2n
∫ Ω
0
ω′s−2 dω′
(ω′2 + λ2n)
]
.
The new integrals are easily performed, yielding∫ Ω
0
ω′s−2 dω′
(ω′2 + ν2)
=
Ωs−1
ν2
∞∑
m=0
(−1)m
2m+ s− 1
(
Ω
ν
)2m
.
We now rewrite the expression for I(n,Ω) as
I(n,Ω) =
Ωs+1
(λ2n − z
2)
[
1
z2
∞∑
m=1
(−1)m−1
2m+ s− 1
(
Ω
z
)2m−2
−
1
λ2n
∞∑
m=1
(−1)m−1
2m+ s− 1
(
Ω
λn
)2m−2]
. (50)
Substituting this equation into (49) and expressing the
sums involved in (50) in terms of the hyper-geometri
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funtions we obtain
Γ(z) =
4kBTz
~(s+ 1)
∞∑
n=1
Ωs+1
λ2n − z
2
[
2F1(1,
1+s
2 ,
3+s
2 ,−
Ω2
z2 )
z2
−
2F1(1,
1+s
2 ,
3+s
2 ,−
Ω2
λn2
)
λn2
]
. (51)
By performing the sum in the rst term of Eq. (51) and
introduing the notation 2F1(1,
1+s
2 ,
3+s
2 , x) = F (s, x),
we nally obtain Eq. (23).
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